We study the response to an external perturbation of the energy levels of a disordered metallic particle, by means of the Brownian-motion model introduced by Dyson in the theory of random matrices, and reproduce the results of a recent microscopic theory [A. Szafer and B. L. Altshuler, Phys. Rev. Lett. 70, 587 (1993)]. This establishes the validity of Dyson's basic assumption, that parametric correlations in the energy spectrum are dominated by "level repulsion," and therefore solely dependent on the symmetry of the Hamiltonian.
We study the response to an external perturbation of the energy levels of a disordered metallic particle, by means of the Brownian-motion model introduced by Dyson in the theory of random matrices, and reproduce the results of a recent microscopic theory [A. Szafer and B. L. Altshuler, Phys. Rev. Lett. 70, 587 (1993) ]. This establishes the validity of Dyson's basic assumption, that parametric correlations in the energy spectrum are dominated by "level repulsion," and therefore solely dependent on the symmetry of the Hamiltonian. [1] proposed to describe the electronic excitation spectrum of small metallic particles in terms of the Wigner-Dyson theory for the statistical properties of the eigenvalues of random Hermitian matrices. The basic assumption of this randommatrix theory (RMT) is that the spectral correlations are dominated by level repulsion [2] . Level repulsion is a direct consequence of the transformation from the space of N x N matrices Ή to the smaller space of ./V eigenvalues Ei. Level repulsion is "universal" in the sense that it is fully determined by the symmetry class of the Hamiltonian ensemble. There exist just three symmetry classes, characterized by the index β: β = l in zero magnetic field (orthogonal ensemble), β = 2 in nonzero field (unitary ensemble), and β -4 for strong spin-orbit scattering in zero magnetic field (symplectic ensemble) [3, 4] .
It was not until twenty years later that the basic assumption of RMT was justified by a microscopic theory, by Efetov [5] and by Altshuler and Shklovskii [6] . These authors showed that the correlation function of pairs of energy levels agrees with RMT for level separations 6E up to the Thouless energy E c ~ hvpl/L' 2 (where L is the diameter of the particle, VF the Fermi velocity, and the mean free path / is <C L). In the energy ränge Δ -C 6E <g; E c (with Δ the mean level spacing) the pair correlation function is universal, i.e., independent of the particle size or the degree of disorder. Only the symmetry index β remains äs a relevant parameter.
In a recent publication [7] , Szafer and Altshuler have used the diagrammatic perturbation theory of Ref. [6] to study the response of the energy levels to an external perturbation. They considered a metallic particle with the topology of a ring, enclosing a magnetic flux φ (measured in units of h/e). The energy levels Ε^(φ] depend parametrically on φ. Their dispersion is characterized by the "current density"
Szafer and Altshuler found that the correlation function
becomes universal for 6E = 0 and
: δφ < i:
with β = 2 and Χ = δφ. Equation (3) was proven for the case that the randomness in the energy spectrum is due to scattering by randomly located impurities. [The overline in Eq. (2) then denotes an average over the impurity configurations.] Numerical simulations indicated that it applies generically to chaotic Systems, even if there is no disorder and all randomness comes from scattering at irregularly shaped boundaries [7] . (The average in that case is taken over E and φ.) Further work on disordered Systems by Simons and Altshuler [8] , based on the nonperturbative supersymmetry formaüsm of Ref. [5] , has shown that Eq. (3) with β -l and X -6U applies if the external perturbation is a spatially fluctuating electrostatic potential U"(r). The correlator (3) thus provides a universal quantum mechanical characterization of the response of a chaotic system to an external magnetic or electric field, including such diverse applications äs nuclear deformation, chaotic billiards, persistent currents in an Aharonov-Bohm ring, and dispersion relations of complex crystalline lattices [7, 8] .
Such universality suggests that it should be possible to derive Eq. (3) from the basic assumption of RMT, that spectral correlations are due to level repulsion and therefore fully determined by symmetry. The purpose of this paper is to show how this can be achieved.
The starting point of our analysis is Dyson's Brownianmotion model [9] for the evolution of an ensemble of N χ N random matrices äs a function of an external parameter r. Dyson's idea was to regard r äs a fictitious "time," and to model the τ dependence of the distribution of energy levels P({E n }, r) by the one-dimensional Brownian motion of N classical particles at positions Ei(r), in a fictitious viscous fluid with friction coefficient 7 and temperature ß~l. Level repulsion is accounted for 4126 0031-9007/93/70(26)74126(4)506.00 g) 1993 The American Physical Society by the interaction potential -In \E -E'\ between particles at E and E'. The particles move in a confining potential V (E), which is determined by the density of states (assumed to be independent of τ).
The fictitious time r needs still to be related to the perturbation parameter X in the Hamiltonian H(X) of the physical System one is modeling. Let τ = 0 coincide with X = 0, so that (4) with Ef the eigenvalues of H(ff). For r > 0 we then identify r = X 2 .
(5) This is the simplest relation between τ and X which is consistent with the initial rate of change of the energy levels: On the one band,
is of order X 2 for small X, while on the other hand the ensemble average {[£»(r) -J3°] 2 ) = 2τ//?7 is of order τ for small τ [9] . For later use we also note the relation 2//3 7 = (dEi/dX) 2 (6) between the friction coefficient and the mean-square rate of change of the energy levels, which is implied by the identification (5).
With these definitions, P({E n },r) evolves according to the ΛΓ-dimensional diffusion equation [9] dr I P (7a) Equation (7) has the r -> oo ("equilibrium") solution
Corrections to Eq. (10) where Z is such that P eq is normalized to unity. Equation (8) , for β = l, 2, and 4, is the eigenvalue distribution in the orthogonal, unitary, and symplectic ensemble [4] . Equation (7) is the simplest description of the Brownian motion of the energy levels which is consistent with the equilibrium distribution (8). It is not the most general description: (1) One could include the "velocities" dE n /dr äs independent stochastic variables, and work with a 2AT-dimensional diffusion equation. Instead, in the Brownian-motion model the finite relaxation time T C (specified below) of the velocities is ignored. This restricts the applicability to parameter ranges ("time scales") greater than r c . (2) One could let 7 be a matrix function 7tj({-^n}) of the configuration of energy levels. Such a configuration dependence (known in fluids äs hydrodynamic interaction) would be an additional source of correlations, which is ignored. That is the basic assumption of Dyson's Brownian-motion model, that the spectral correlations are dominated by the fundamental geometric effect of level repulsion. The Brownian-motion model is known to provide a rigorous description of the transition between random-matrix ensembles of different symmetry [10] . However, there exists no derivation of Eq. (7) from a microscopic Hamiltonian. Here we apply the Brownian-motion model to fluctuations around equilibrium in the random-matrix ensembles (8) , and show that there is a complete agreement with the microscopic theory for disordered metals by Szafer and Altshuler [7] .
The first
Step in the analysis is to reduce Eq. (7) to an evolution equation for the average density of eigenvalues
p(E,

ΛΟΟ
= dEi··· dE N P({E n },r) £ 6(E -
J-oo (9) This problem was solved by Dyson [9] in the limit N oo, with the result (10)
tion, with diffusion kernel D(E,E').
To proceed we assume a constant density of states over the energy ränge of interest, p e(l (E) = p 0 = 1/Δ. The diffusion kernel then becomes translationally invariant,
D(E,E') = D(E -E'), with Fourier transform
Equation (12) has the form of a nonlocal diffusion equaEquation (12) becomes an ordinary differential equation in k space, with solution
In view of Eq. (4), the initial condition on the eigenvalue density is 4127 (15) In the case of a constant density of states, the correlation functions S
(E,E',r) = S(E -E 1 , r) and Κ(Ε,Ε') = K(E -E') are translationally invariant, with Fourier
We define the equilibrium average {/} eq of an arbitrary transforms 5(fc,r) and K (k). According to Eqs. (14), function f({E%}) of the initial configuration by (17), and (18), we have
The function K (k) is known from RMT [4J. In the limit The density-density correlation function S (E, E', r) is N -> oo, one has asymptotically defined by 3(Ε,Ε',τ)=(ρ(Ε,τ)ρ(Ε' 1 0) )^i ndependent of V (E) [11] . Combining Eqs. (13), (19), and (20), we conclude that
where we have used that {/o(.E, r)) eq = p e q(E). The pair correlation function K(E, E') is related to S(E, E', 0) by
We are now ready to make the connection with the
Κ(Ε,Ε') = p eq (E)p eq (E') -S(E,E',0).
(18) un i v ersal correlator (3). We define the correlation func-1 tions
C(E,X, E', X') = £ E i (X)E i (X')S(E -Ε ί (Χ))δ(Ε' -E j
where 
The correlation functions S(k,X) and C(k,X) follow from Eqs. (5), (21), and (25),
where we have abbreviated ξ Ξ Χ(προ/7) 1//2 · The Espace correlation functions become independent of the microscopic parameters po and 7. Equation (30), obtained here from random-matrix theory, is precisely the universal correlator (3) which Szafer and Altshuler [7] derived from diagrammatic perturbation theory. This is the fundamental result of Dyson's Brownian-motion model, which we now discuss in some more detail.
At X = 0, (7(0, X) has an integrable singularity consisting of a positive peak such that the integral over all X vanishes. This is a special case of the general sum rule f™dXC(E,X) = 0, which follows from Eq. (24). The peak of positive correlation has infinitesimal width in the Brownian-motion model. In reality the peak has a finite width X c = ^r~c and a finite height (7(0,0) ~ p%E? Ξ C 0 . The width and height are related by
In terms of the generalized Thouless energy [8] E c = (31) we obtain the estimate X c ~ (/3o^c)~1 /2 · In Ref. [7] the parameter X is the magnetic flux increment in units of h/e. Then £ c is the conventional Thouless energy E c [12] , related to the conductance g (in units of e*/h} by g ~ poE c . The Aharonov-Bohm periodicity implies in this case the additional restriction X 4C l to Eq. (30) (which is compatible with the condition X S> X c because X c ~ g" 1 / 2 <iC l in the metallic regime). We have shown that the E -> 0 limit of C(E, X) obtained from RMT agrees with the microscopic theory. What about nonzero energy differences? This is most easily discussed in terms of the density-density correlation function S(E,X), to which C(E,X) is directly related via Eq. (25). Using Eqs. (6) and (31) which coincides precisely with the result of diagrammatic perturbation theory [7, 8] .
This establishes the validity of Dyson's Brownianmotion model for parametric correlations in the spectra of disordered metals, and places it on the same footing äs the Wigner-Dyson theory for parameter-independent correlations.
We conclude by identifying some directions for future research. The restriction X 3> X c (or, equivalently, τ » T C ) of the Brownian-motion model might be relaxed by introducing the derivatives dE l /dr äs independent stochastic variables in a 2]V-dimensional diffusion equation. It would be interesting to see if one could in this way reproduce the small-.X" results of the microscopic theory [8] . The Brownian-motion model might also be extended to a parameter vector Χ μ (μ = 1,2,... ,d), relevant for a statistical description of the dispersion relation of a ddimensional crystalline lattice [8] . The Brownian motion would then take place in a fictitious world with multiple temporal dimensions τ μ . An altogether different line of
